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The differential equation considered inthis paper is of the form 
where p(x) is positive and continuous on [0, co), and L, is an even order 
operator defined recursively by 
LOY = PlWY, (1.2) 
L,Y = Pkfl(WA-lY)‘, (1.3) 
where p,(x),..., p,+ (x) are positive and continuous. 
The main result in this paper is given by the following theorem, which 
is a generalization of a theorem of Keener [4]. 
THEOREM I. There exists a solution w of (1. I) satisfying the following 
conditions. 
(i) (-l)“L,w(x) > 0 for each k = O,..., n - 1. 
(ii) For each k = O,..., n - 1, L,w tends to a jinite limit as x -+ co. 
(iii) For each k = 2,..., n, lim inf((- I)k-l/pk(x)) L,-,w(x) = 0 as 
x+ co. 
The proof of Theorem 1 relies onthe following lemma which generalizes 
a result ofLeighton and Nehari [5]. The proof is similar tothat of Leighton 
and Nehari, and hence it will be omitted here. 
LEMMA 1. If y is a nontriviaE soZution of (1) such that (-1)” Lky(a) > 0 
for each k = O,..., n - 1, then (- 1)” Lky(x) > 0 for x < a, for each 
k = O,..., n - 1. 
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For the proof of Theorem 1, we define the solution yk by 
LOYkW = ..* =L,-,y,(k) = 0, L,-, y,(k) = - 1. 
By Lemma 1, (-l)aLiy(~) > 0 for x < k. If (zr ,..., z } is a fundamental set 
of solutions of (l), then for each R, there exist constants cik , i = l,..., n 
such that 
y&Y) = i w%(X), 
i=l 
and with no loss of generality, we may assume that the solutions yk have 
been normalized by the condition 
i=l 
Standard compactness arguments give the existence of a solution 
W(X) = i CiiTi(x) 
i=l 
such that 
and a subsequence {yk,},‘=r of {yk}& f or which the sequence {Li-rykj}jm=r 
converges uniformly to Liplw on compact subsets of (0, co). Thus 
(- I)iL,w(x) > 0 for each x in (0, co). By Lemma 1, (- l>iL,w(x) > 0 for 
each x in (0, 03). This completes the proof of part (i), and part (ii) now 
follows easily. If for some k, 
(( - I)“-l/p,) L,-,w(x) > c > 0 
then by (1.3), 
(- I)“-2 L,-,w(x) < (- 1)“-2 L,-&J(a) + c(a - 4, 
which implies that L,-,w(x) becomes unbounded as x tends to infinity, 
contradicting part (ii). This completes the proof of Theorem 1. 
The question aturally arises as to the conditions under which the function 
L,w tends to zero. Two such conditions are given by the following theorems, 
the proofs of which were motivated by Heidel [3]. 
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THEOREM 2. If p(x), pi(x) and p,+& satisfy 
s 
m 
a p.+*~:;;*(t) dt = +co, 
then for any solution w satisfying conditions (i)-(iii) of Theorem 1, L,w tends 
to zero as x tends to infkity. 
Suppose that Low(x) > c > 0 for all x in (0, co). Then 
-w(4 > (P(~YPlW 
for all x in (0, co). Thus 
0 > L,-,w(x) = L,-,w(a) + jz (LMW)’ (t) dt 
a 
> Lz-144 + jz Pn+;&t) dtJ a 
from which it follows that 
O < c 1% Pn+*%(t) dt < -L,-,~(a) 
for all xE (a, co). This implies that 
s 
m p(t) 
a Pn+*W P*(t) dt < O”, 
and the result follows. 
THEOREM 3. If there xist positive constants cl ,..., c such that pi(x) < ci 
and if P(X), P&> and P,+,(X) satisfy 
s 
cc t”-*p( t)
a P?8+l(t)Pl(t) dt = +coY 
then L,w tends to zero as x tends to injinity. 
For the proof, suppose that here xists a constant c such that L,w > c > 0 
for each x E (0, 60). Now t”-lL,y(t) = tn-lp,+l(L,-ly)‘(t). Thus 
s z Fp(t) c dt < s 2 Pn+*P) P*(t) ’ a tn-l(Ln-lw)’ (t)dt. a 
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Integrating the right-hand side by parts and absorbing the constants of 
integration into Kl , we have 
ja’ t~-l(~~-~w)’ (t) dt = Kl + xn-ll,-lw(x) - (n - 1) ja* tn-2L,-,~(t) dt. 
Now 
L-p(t) = p&)(-L2w)‘(t) > 4L24’W 
Moreover, x~-~L,+~zLJ(x) < 0 for all x in (0, ~0). Thus 
ja’ tn-l(L,-lw)’ (t) dt < Kl - c,(n - 1) jaz tn-2(Ln-2w)’ (t) dt. 
Suppose it has been shown that there exist constants Kfpl and IMi-, > 0 
such that 
jz w(,c,-~w) (t) dt < K,-l + (- 1 Y--l Mi-1 J‘: tn-i(L~w)’ (t) dt. 
a 
Integrating by parts and absorbing the constants of integration into Kg , 
we have 
s 
2tn-‘(Ln-lw)’ (t) dt 
a 
< Ki + (m-1 )i-l Mi-lxn-iL %eiw(x) + (- l)i M,ml jaE t’+LC,-p(t) dt. 
NOW (- I)<-IL.,-*w(x) = (- 1)+-l L,-iw(x) -C 0. Moreover, L,-iw(t) = 
p,-i+,(t)(L,-i-lw)‘(t). Thus (- l>i -L-i+) < (- 1Y Cn-i+&-i-+)‘(t), so 
that if Mi = Mi-l~n-i+l , we have 
ja’ tn--l(Ln-lw)’ (t) dt < Ki + (-l>i Mi jaz tn--i-l(Ln-i-lw)’ (t)dt. 
This completes the induction, and it follows that 
j’ tn-l(Ln-lw)’ (t) dt < K, + (-l>,-l M,.ml jz (Low) (t) dt. 
a a 
Thus as (-l)+l M,&,w(x) < 0, 
i 
= tn-l(L,-lw)’ (t) dt < K, + Mn-lLow(a). 
a 
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1 cc $“;f& dt < K, + lbi’n-,L,w(a), a R+l 1 
and since c> 0, we have the result. 
Theorem 3 can be applied to obtain some relationships between asolution 
w as given in Theorem 1 and the oscillatory character ofthe equation. 
EXAMPLE 1. For the special equation 
y(iV) - py = 0, (1.4) 
it follows that if w(x) does not tend to zero as x tends to infinity, hen 
s 
co 
t3p(t) < co. (1.5) 
a 
Leighton and Nehari [5] have shown that this integral condition issufficient 
for nonoscillation. Thus if (1.4) is oscillatory, thenw(x) tends to zero as x 
tends to infinity. 
EXAMPLE 2. Nehari [6] studied the equation 
y(n) - p(x) y = 0, (1.6) 
where p(x) is taken to be positive and non-increasing o  [0, co). He shows 
that if 
s 
m 
t”-‘p(t) dt < co 
a 
then equation (1.6) is nonoscillatory. Thusif L,,w(x) does not tend to zero, 
(1.6) is nonoscillatory. 
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